Abstract. 2014 Matrices of dynamical variables of the one-dimensional harmonic oscillator are calculated by a new semiclassical method formulated by More and Warren. The results are semiclassical matrices Xn, m, Pn, m, etc., which i) exactly obey selection rules for zero matrixelements, ii) are very accurate, circa 1 %, for nonzero matrix-elements, iii) which diagonalize the Hamiltonian H, and iv) which exactly satisfy the Heisenberg commutation relations and equations of motion. These statements are true for matrix-elements Fn, m with m ~ n. The results show that most of the quantum physics is contained in the extended semiclassical theory.
J. Phys. France 51 (1990) [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] ler JANVIER Although quantum mechanics is a comprehensive self-contained theory for atomic events, many physicists will agree there remains something mysterious about the correspondence between classical and quantum theories : how does the classical behavior of large objects emerge out of the dynamics of a quantum microworld ? Interest in this fundamental question combined with a search for better computational techniques for applied atomic physics has drawn our attention to the possibility of improving the semiclassical theory.
To this end we have explored the calculation of quantities which arise in the Heisenberg and Feynman formulations of quantum mechanics using the WKB approximation to the Schroedinger wave-functions. In this paper we consider a simple specific system, the onedimensional harmonic oscillator, and form the semiclassical matrix-elements following a new calculational scheme based on a contour-integral inner product of WKB wave-functions [1] [2] [3] [4] . The results are surprising. [2, 3] .
In references [1] [2] [3] [4] In this section we develop the analytic properties of the WKB wave-functions. It may be assumed that the reader is familiar with the quantum solution as given by Schiff [6] or Landau and Lifshitz [7] . The The WKB functions 11, n (+ ) are analytic functions of z except for the branch-cut on the range (-Xn, xn) and for the point at infinity. The analytic properties are readily developed either from the defining integral, equation (6) , or from the explicit evaluation in equation (7) . One might be concerned whether cP n (z) and/or P n (± )(z) are single-valued because the contour of integration in equation (6) can reach a given point (e.g., real x &#x3E; xn) in two ways. However, by virtue of the quantization condition and the properties of the prefactor 1/ V q (z ), the functions ''n± )(z) are single-valued in the z-plane cut from -Xn to xn. The derivation of this important technical result is sketched in the appendix.
Just as for q (x ), the branch-cut on the allowed range (-Xn, xn ) results physically from the two signs of the velocity. The point at infinity is a singular point of the potential.
P n (± ) has no other singularity. The 3. Semiclassical matrix elements.
If the wave-function of equation (15) [7] ).
The flaw in the derivation is that the method will be applied for low quantum numbers, and the integrals involving P («± ) P (± ) are not small in that case. We therefore take the point of view that equations (17), (18) constitute basic assumptions of a new semiclassical theory, and we will examine the consequences of these assumptions. The physical interpretation of equations (17), (18) (36) is that the incorrect values Xn, n -3 and P n, n -3 participate in obtaining Cn, n -2 = 0 for n &#x3E; 0.
A matrix for X2 can be constructed in two ways, first by matrix-multiplication from the result in equation (25) (18) with f = x2. This second method gives Evidently these matrices are i) exact along the main diagonal and very accurate for all m &#x3E; n -2, ii) exactly equal for m &#x3E; n -2, so the matrix multiplication is valid, and iii) asymptotically correct at large n for the diagonal line with m = n -2. In this case all matrix-elements having m &#x3E; n -1 are in exact agreement with those in equations (25), (31).
Evidently a simple rule is followed : the incorrect matrix-elements begin at m = n -4 for U, m = n -3 for X and P, at m = n -2 for X2, C and H, and then (evidently) will occur at m = n -1 for X3 and on the diagonal for X4. (7) The subdominant term has a branch cut from x = xn to 0o across which 0,, jumps by
The exponential can readily be analyzed by means of these results. We are specially interested in the limit as z -00. A straightforward expansion gives Now a small additional effort will convince the reader that P n (± ) is analytic everywhere except at z = oo and along the branch-cut linking -Xn to xn. In particular, the extra branch-cut from xn to 0o in 0 and 0 n (z) exactly cancels in both P n (+ ) and 1/1' J-). Equation (16) is verified from properties (vi, vii) of .J q (z) and On(Z)-
